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3 1 .
2
$A$ , B2 , .
(A1) A $V$ $T$ . $i=1,$ $\cdots,T$
.
(A2) $B$ $C$ $m$ $Th$
. , $i$ $c_{j}$ , 1 $i$
$\beta_{1j}>0$ .
(A3) $B$ $C$ , A $V$
. , .
(A4) A , $B$ .
$C$, ci , $V,$ $\beta_{ij}$ .
A $i$ $v:\geq 0$ . , $\sum_{i=1}^{T}v_{i}=V$
. $B$ $i$ $i$ $x_{ij}\in Z$
, $\sum_{j=1}^{m}Cj\sum_{1\approx 1}^{T}x_{1j}\leq C$ . , $I\equiv\{1, \cdots,T\}$ ,
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$J\equiv\{1, \cdots, m\}$ , A $B$ $D$ $A$
.
$D$ $=$ $\{(v_{1}, \cdots,v_{T})\in R^{T}|v_{\dot{*}}\geq 0, i=1, \cdots, T, \sum_{:=1}^{T}v_{i}=V\}$ (1)
$A$ $=$ $\{\{x_{ij}\}\in z^{IxJ}|x_{ij}\geq 0, i=1, \cdots, T, j=1, \cdots,m,\sum_{j=1}^{m}c_{j}\sum_{1=1}^{T}x_{1j}\leq C\}$ (2)
$i$ 1 $i$ $0<\beta_{*j}\leq 1$ , $\alpha_{1j}>0$
$\beta_{jj}\equiv 1-\exp(-\alpha_{tj})$ . $i$ $\{x:j, j\in J\}$ $1- \prod_{j=1}^{m}(1-\beta_{1j})^{xu}=$
$1- \exp(-\sum_{j=1}^{m}\alpha_{1j}x_{ij})$ . ,
$\sum_{:=1}^{T}v:(1-\infty p(-\sum_{jarrow 1}^{m}\alpha_{j}x_{ij}))=V-\sum_{1=1}^{T}v_{i}\exp(-\sum_{j=1}^{m}\alpha x)$
. 1 , 2 $E(v, x)$
. , $v=\{v\iota, i\in I\},$ $x=\{X:j, i\in I, j\in J\}$ , $E(v, x)$ .
$E(v,x)= \sum_{:=1}^{T}v_{i}\exp(-\sum_{j=1}^{m}\alpha_{1j}x_{1j})$ (3)
, $E(v,x)$ , $B$ $x$ ,
A $v$ ,
$G$ .
$G= \{x\ell g\}\in A\{v_{l}\}\in Dm\dot{m}mu\sum_{i-1}^{T}v_{*}\exp(-\sum_{j-1}^{m}\alpha_{1j}x_{ij})$
$D$ , $v$ .
$\{v\}\in\max_{:D}\sum_{1\approx 1}^{T}v_{i}\exp(-\sum_{j\approx 1}^{m}\alpha_{ij}x_{jj})=V\max_{i}\exp(-\sum_{j=1}^{m}\alpha_{ij}x_{1j})$
, $\exp(-\sum_{j\approx 1}^{m}\alpha_{1j}x_{2j})<m\mathfrak{g}x:\exp(-\sum_{j}^{m}\approx 1\alpha_{ij}x_{ij})$ $i\in I$ $v\iota=0$ ,
$i$ $V$ .
$x$ , .
$(P_{0})$ $G= \min\{V\lambda|\exp(-\sum_{j\approx 1}^{m}\alpha_{1j}x_{1j})\leq\lambda, i=1, \cdots,T, \{x_{1j}\}\in A\}$ (4)
$\exp(-\sum_{j}^{m}=1\alpha_{1j}x_{1j})\leq\lambda$ , $- \log\lambda\leq\sum_{j}^{m}=1\alpha_{ij^{X}\backslash j}$ . $\mu\equiv-\log\lambda$ $\lambda$
.
$G= m\dot{m}\{\frac{V}{\exp\mu}|\mu\leq\sum_{j=1}^{m}\alpha_{1j}x_{1j}, i=1, \cdots,T, \{x_{1j}\}\in A\}=\frac{V}{\exp\xi_{C}}$ (5)
, $Z^{+}$ , $\xi c$ .
$(P_{1})$ $\xi_{C}$ $=$ max $\{\mu|\mu\leq\sum_{j=1}^{m}\alpha_{1j}x_{1j}, i=1, \cdots,T, \{x_{1j}\}\in A\}$
$=$ max { $i \dot{m}\in In\sum_{j=1}^{m}\alpha_{ij}x_{1j}|$ $\sum_{:\in Ij}\sum_{\in J}$ cjxij $\leq C,$ $x_{1j}\in Z^{+}$ . $i\in I$ . $i\in J$} (6)
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$I$ 1 , (6) ,
, (6)
. , $T$ $m$ $C$ .
$i$ 1 $c_{j}$ , $i$ $\alpha_{ij}$ .
, 1 ,
. .
1 $(P_{0})$ N $P$ . $B$
$(P_{1})$ , A $\xi c<\sum_{j=1}^{m}\alpha$” $x_{ij}^{*}$ $i$ ,
$V$ $\xi_{C}=\sum_{j=1}^{m}\alpha_{ij}x_{1j}^{*}$ $i$ .
1 , $(P_{1})$ ,
, . ,
. $c0$ . $J0$ , $i\in I$
$J0$ $\alpha_{*j}$ $io(i)$ .
$c_{0}= \min_{j=1,\ldots,m}c_{j}$ , $J_{0}=\{j\in J|c_{j}=\alpha\}$ , $j_{0}(i)= \arg\max j\in J_{0}\alpha_{1j}$
1 (i) $C<Tc_{0}$ , $\xi_{C}=0$ , 1 $x_{1j}^{r}=0$ .
) $Tc0\leq C<2Tc0$ , $\xi c=\min_{\{\in I}\alpha_{1j_{0}(i)}$ . , 1 $i\in I$
$x_{j_{\text{ }}(i)}^{*}=1,$ $x_{*j}:=0,$ $i\neq j_{0}(i)$ .
( ) (i) , 1 .
$0$ . (ii) . $c0$ 1
, $i$ $\alpha_{1j_{\text{ }}(i)}$ ,
. QED.





, . $n$ $D$
$(IKP_{\mathfrak{n}}(D))$ $\mu_{n}(D)=\max_{\{x_{\hslash}g’ j\in J\}}\{\sum_{j=1}^{m}\alpha_{nj}x_{nj}|\sum_{j=1}^{m}c_{j^{X}nj}\leq D,x_{nj}\in Z^{+}\}$ (7)
. , $i=1,$ $\cdots,n$ $D$
$S_{n}(D)$ $F_{\mathfrak{n}}(D)$ .
















min $[ \max_{\{x_{j},j\in J\}}\{\sum_{j=1}^{m}\alpha_{nj}x_{nj}|\sum_{j=1}^{m}c_{j}x_{nj}=d,$ $x_{nj}\in Z^{+}\},$ $F_{n-1}(D-d)]$
$=$ $d \max_{\in W}\min[\max_{\{x_{nf},j\in J\}}\{\sum_{j=1}^{m}\alpha_{nj}x_{nj}|\sum_{j=1}^{m}c_{j}x_{nj}\leq d,$ $x_{\mathfrak{n}j}\in Z^{+}\},$ $F_{n-1}(D-d)]$
$=$




, 1 , $n$ $c_{0}$ $1\sim n-1$
$(n-1)c0$ $d$ .
$n=1,$ $\cdots,T$ , $n$ $D=n$ , $nc0+1,$ $\cdots,C$
, $F_{T}(C)$ . , $n=1$
.
1 $(D)=0,$ $D=1,$ $\cdots,c_{0}-1$ , $F_{1}(D)=\mu_{1}(D),$ $D=c_{0},$ $\cdots,C$
, , $n=1,$ $\cdots,T$ $IKP_{\mathfrak{n}}(C)$ $\mu_{n}(D),$ $D=1,$ $\cdots,C$
, , (8) $\mu_{n}(d)$




, (8) , $d$ mln 1 max 1 . $d$
$D-(n-1)c_{0}-c0+1=D-n\infty+1$ . $D$ $nc0\leq D\leq C$ ,
$n=2,$ $\cdots,$ $T$ . ,
$\sum_{n=2}^{T}\sum_{D=lll_{0}}^{c}2(D-nc_{0}+1)=\frac{4}{6}(2T^{3}+3T^{2}+T-6)-\frac{c_{0}}{2}(2C+3)(T^{2}+T-2)+(C+1)(C+2)(T-1)$
. $O(TC^{2}+T^{2}Cc_{0}+\tau^{3}d)$ , $C$
$c_{0}$ . , $(P_{1})$
$O(T\cdot knap(C)+TC^{2}+T^{2}Cq+\tau^{3}d)$ .
3.2
, $[1, 2]$ ,
$(P_{1})$ . .
$(IKP(d))$ $\mu(d)=m_{X}\alpha\sum_{j=1}^{m}a_{j}x_{j}$ , $s.t$ . $\sum_{j=1}^{m}c_{j}x_{j}\leq d,$ $x_{j}\in Z^{+},$ $j\in J$ (9)
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, $a_{1}/c_{1}\geq a_{2}/c_{2}\geq\cdots\geq a_{m}/c_{m}$ . $d$
$0\leq d\leq C$ $\mu(d)$ ,
, . $d$ $(IKP(C))$
, $d$ $f(1),$ $f(2),$ $\cdots$
. , $(IKP(d))$ , $x_{j}^{*}$ $j$ $g(d)$ . ,
$i$ . .
$g(d)=\{\begin{array}{ll}\min\{j|x_{j}^{*}>0\}, x^{*}\neq 0m, x=0\end{array}$ (10)
, $x_{j}^{*}>0$ $(x_{1}^{*}, \cdots, x_{j-1}^{l}, x_{j}^{*}-1, x_{j+1}^{*}, \cdots,x_{m}^{r})$ $IKP(d-c_{j})$ , $x_{j}^{*}>0$
$i$ $g(d)\leq g(d-c_{j})$ . , $j\leq g(d-c_{j})$ d-cj $\geq 0$ $i$ ,
d-cj $(IKP(d-c_{j}))$ $i$ $\tilde{x}_{j}^{*}$ 1 $(IKP(d))$
. ,
$\mu(d)=m\epsilon x\{a_{j}+\mu(d-c_{j})|j\leq g(d-c_{j}), d-c_{j}\geq 0\}$ (11)
$j$ $g(d)$ .
, $D^{*}\leq d$ $d$ $\mu(d)=a_{1}+\mu(d-c_{1})$ , , $D^{*}$
$d$ , $IKP(d-c_{1})$ $x\ddagger$ 1 IKP(
. , $D$’
$g(d)=1$ , $d=D^{*},D^{*}+1,$ $\cdots,$ $D^{*}+ \max c_{j}-1j$ (12)
. , .
, $(P_{1})$ .
$d$ $(P_{1})$ $\xi_{d}$ , $\mu(\phi)=\xi_{d}$
$i$ . .
$i\in I$ $IKP_{1}(C)$ $f_{1}(\cdot)$ ,
. .
Stepl. $i\in I$ $IKP_{1}(C)$ ,
$\mu:(D),D=1,$ $\cdots,$ $C$ $f_{2}(\cdot)$ . $l_{:}=1,$ $i\in I,$ $d \equiv\sum_{1\in I}f_{1}(l$ . ,
$d$ $Tc_{0}$ .
Step2. $\mu=\min_{1\in I}\mu:(f_{1}(l_{*})),$ $K=\{n|\mu_{n}(f_{n}(l_{n}))=\mu\}$ .
Step3. $\epsilon=\sum_{n\in K}(f_{n}(l_{n}+1)-f_{n}(l_{n}))$ .
$d+s>C$ , $\mu$ . $d_{1}^{l}=f_{1}(l_{i})$ $i$ ,
$IKP_{1}(F_{:})$ \sim $i\in J$
$x_{1j}^{l},$ $j\in J$ .
$d+s\leq C$ , $d=d+\epsilon,$ $l=l+1,$ $i\in K$ StepOb .
StepOc , $i$ $f_{1}(1),$ $f_{2}(2),$ $\cdots$
, $s$ .
. , StepOc
$n\in K$ , $\mu_{\mathfrak{n}}(d_{n})$
$\mu$ . , $n\not\in K$ $n$ ,
, $n$ $\mu_{\mathfrak{n}}(f_{n}(l_{n}))$ $(f_{n}(l_{\mathfrak{n}}-l))$
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. $f_{n}(l_{n}-1)$ StepOc , $\mu$
$\mu_{n}(f_{n}(l_{n}-1))<\mu$ , $\mu$
. ,
. StepOb $d$ , $(P_{1})$
, .
3.3
, $i\in I$ $C$ $IKP_{i}(C)$
, $(P_{1})$ $C$
. ,
. (10) $\sim(12)$ .
, , .
\sim , $\alpha_{1j}/Cj$ , $j\in J$ $j$ $l_{:}(1),$ $\cdots$ , $l_{i}(m)$
. \sim $\alpha_{it(1)}/c_{\iota_{:(1)}}\geq\alpha_{1l_{1}(2)}/c_{\iota_{:(2)}}\geq\cdots\geq\alpha_{1l_{i}(m)}/c_{l(m)}$: . \sim $c_{\max}=m\alpha_{j\in j}c_{j}$
.
Stepl. $i\in I$ .
$\mu:(0)=\mu_{1}(1)=\cdots=\mu:(\infty-1)=0,$ $\mu_{1}(c_{0})=\alpha_{ijo(:)}$ , $g_{i}(0)=g:(1)=\cdots=g:(c_{0}-1)=$
$m,$ $g_{i}(c_{0})=m\dot{\bm{o}}\{k|c_{l(k)}=c_{0}\}$ . , $r(i)=0,$ $d_{j}=c0D_{1}^{*}=\infty$ .
Step2. $d= \sum_{:\epsilon I}d_{i}$ . $d>C$ , StepOd . , 4
$d_{1}\sim$ . , $d_{i}=d_{i}\sim,$ $i\in I$ . $\mu=m\dot{\bm{o}}_{1\in I}\mu:(\phi),$ $K=$ {$n|$ \mbox{\boldmath $\mu$}n( ) $=\mu$}
. $d+|K|>C$ , Step0d .
Step3. $n\in K$ , StepOb . , $\sum_{:\in I}d_{i}>C$ StepOd
.
$d_{\mathfrak{n}}=d_{n}+1$ (4) , \mbox{\boldmath $\mu$}n(4-1)<h( ) .
(i) $r(n)=1$ , \mbox{\boldmath $\mu$}n( ) $=\mu_{n}(d_{n}-c_{l_{n}(1)})+\alpha_{nt_{n}(1)}$ .
$(\ddot{u})r(n)=0$ .
$j \cdot=\arg\max\{\mu_{n}(d_{n}-c_{l_{n}(j)})j+\alpha_{nl_{n}(j)}|d_{n}-c_{l_{\hslash}(j)}\geq 0, j\leq g_{n}(d_{n}-c_{\iota_{n}0)})\}$, (13)
$\mu_{n}(d_{n})=\mu_{n}(d_{n}-c_{l_{n}(j^{*})})+\alpha_{nl_{n}(j)}$ , (14)
$g_{\mathfrak{n}}(d_{n})=j^{*}$ (15)
. $i^{*}=1$ $d_{n}=D_{n}^{l}+c_{\max}-1$ , $r(n)=1$ . $i^{*}\neq 1$ , $D$;
$D_{n}^{*}=$ .
$Step4$. $\mu$ . $i\in I$ $IKP_{1}(d_{i})\sim$ $\{x_{1j}^{l}, j\in J\}$
.
StepOa , StepOc $g_{n}(d_{n}),$ $D_{n}$ , $n$ (12) $g(d),$ $D^{*}$ ,
$r(n)=1$ . , (13), (14) $n$









$(RLP_{1})$ $\mu\wedge=$ max $\min_{i\in}\sum_{j\approx 1}^{m}\alpha_{1j}x_{1j}$ (16)
$s.t$ . $\sum_{:=1j}^{T}\sum_{=1}^{m}c_{j}x_{1j}\leq C$, (17)
$xij\geq 0$, $x_{1j}\in R$, $i\in I,$ $j\in J$ . (18)
.
2 (RLPl) $\mu\wedge$, \sim . . $s(i) \equiv\arg\max_{j\in J}\{\alpha_{jj}/c_{j}\}$
.
$\mu\wedge=\frac{C}{\sum_{k=1}^{T}c_{\epsilon(k)}/\alpha_{k\epsilon(k)}}$ (19)
$x_{i\iota(:)} \wedge=\frac{C/\alpha_{1\iota(:)}}{\sum_{k=1}^{T}c_{\iota(k)}/\alpha_{k\iota(k)}},$ $i\in I$ , $x_{ij}\wedge=0,$ $i\in I,$ $j\neq s(i),$ $j\in J$ (20)
( ) $\rho_{\{\dot{J}}=c_{\dot{J}}x_{1j}$ . (RLPl) ,
$\hat{\mu}=\max_{\{\rho_{j}\}}\min_{:\in I}\{\sum_{j=1}^{m}\frac{\alpha_{1j}}{c_{j}}\rho_{1j}|\sum_{i=1j}^{T}\sum_{=1}^{m}\rho_{1j}\leq C,$ $\rho_{jj}\geq 0,$ $i\in I,$ $j\in J\}$
, , $\gamma_{ij}\equiv\alpha_{1j}/c_{j},$ $d_{t} \equiv\sum_{j-1}^{m}\rho_{1j}\wedge$ , .
$=$ $\{d:,\rho:;1\wedge mu\min_{:\in I}\{\sum_{j=1}^{m}\gamma_{ij}\rho_{1j}|\sum_{1=1}^{\tau}d_{i}\wedge\leq C,$ $d_{t} \wedge=\sum_{j=1}^{m}\rho_{1j},$ $\rho_{1j}\geq 0,$ $i\in I,$ $j\in J\}$
$=$ $\{d_{i}, \rho_{l\cdot(:)}\}\max_{\wedge}\min_{c\epsilon I}\{\gamma_{1l}(i)\rho:\iota(:)|\sum_{1=1}^{T}d_{i}\wedge\leq C,$ $d_{i}\wedge=\rho:\iota(i)\geq 0,$ $i\in I\}$ (21)
$=$ $\max_{\{d\iota\}}\wedge\min_{i\in I}\{\gamma_{1\iota(:)}d_{*}\wedge$ . $| \sum_{i\approx 1}^{T}d_{i}\wedge\leq C,$ $d_{i}\wedge\geq 0,$ $i\in I\}$
$=$ $\{d_{l}, \mu\}\max\wedge\{\mu|\mu\leq\gamma_{1\iota(i)}\hat{\phi},$ $i\in I,$ $\sum_{1=1}^{T}d_{i}\wedge=C,$ $d_{i}\wedge\geq 0,$ $i\in II$
.
$\hat{\mu}=\gamma_{1\iota(i)}\hat{\phi},$ $i\in I,$ $\sum_{:\approx 1}^{T}d_{i}=C\wedge$ .
.
$\hat{\mu}=\frac{C}{\sum_{k=1}^{T}1/\gamma_{k\cdot(k)}}=\frac{C}{\sum_{k=1}^{T}c_{\iota(k)}/\alpha_{k\epsilon(k)}}$ , $\hat{\phi}=C\frac{c_{l(:)}/\alpha_{i\iota(:)}}{\sum_{k=1}^{T}c_{\epsilon(k)}/\alpha_{k\epsilon(k)}}$
, (21) $d_{i}\wedge=\rho:\iota(*),$ $i\in I,$ $\rho|j=0,$ $i\neq s(i),$ $j\in J$
, $\{x_{1j}\wedge\}$ . QED.
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, 2 . 1 ,
$(RLP_{1})$ $\{x_{ij}\wedge\}$ , $\{x_{ij}\}=\{\lfloor x_{ij}\wedge\rfloor\}$ . ,
$C- \sum_{1}\sum_{j}$ cjxij , , StepOb $K$
$\infty$ .
.
Stepl. 2 $(RLP_{1})$ $\{x_{ij}\wedge\}$ . , $\{x_{1j}\}=\{\lfloor x_{ij}\wedge\rfloor\}$
. $C_{R}=C- \sum_{i\in I}\sum_{j\in J}$ cjxij, $\mu_{t}=\sum_{j\in J}\alpha_{jj}x_{1j},$ $i\in I$ .
Step2. $\mu=\min:\epsilon I\mu_{*},$ $K=\{n|\mu_{n}=\mu\}$ .
Step3. $|K|\infty>C_{R}$ , $\mu$ , $\{x_{1j}\}$ .
, $n\in K$ , $C_{R}=C_{R}-|K|c0$ , Step2 .
$x_{nj\text{ }(n)}=x_{nj\text{ }(\mathfrak{n})}+1$ , $\mu_{n}=\mu_{n}+\alpha_{nj\text{ }(n)}$
4
, , .
, , . ,
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